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Abstract--A numerical investigation was conducted on the heat transfer from a uniformly powered strip 
source of heat located on the surface of a two-dimensional conducting substrate. The upper and lower 
surfaces of the substrate are cooled by forced laminar flow that is two-dimensional, steady and with 
constant properties. The problem is a paradigm for the investigation of the competing effects of substrate 
conduction and fluid convection in the cooling of electronic components, i.e. chips or chip carriers, on 
boards or substrates that are cooled by air flowing parallel to the surface. The objectives of the study were 
to investigate the conjugate heat transfer mechanisms in great detail and in a methodical way, such as to 
use the results as a baseline for successively more complex situations of air-cooling of on-board components. 
Results arc: presented for the substrate conductivity to fluid conductivity ratio, ks/kf from 0.1 to 100, 
channel Reynolds number from order 100 to order 1000, corresponding to air velocities of order 1 m s -~, 
and for both developing and fully developed laminar, parallel-plane channel flow. 

INTRODUCTION 

The thermal design of  air-cooled packaging has at 
least three distinct hierarchies, the chip and package 
level, the board level and the cabinet or enclosure 
level. The present paper addresses the mid-level prob- 
lem, that is, the thermal phenomena at the board level. 
What  is the board-level problem? In essence it may be 
distilled to a relatively straightforward objective 
which is " to  predict the chip junction temperature 
internal to a component ,  parametric on position on 
the board, parametric on component  internal thermal 
resistance, parametric on component- to-board ther- 
mal coupling, parametric on board thermal charac- 
teristics such as thickness, conductivity, and density 
of  metallization layers, parametric on the local con- 
vective environment,  and parametric on the thermal 
interactions with neighboring components ."  Before 
board layout and routing can be completed, the design 
must satisfy thermal constraints on maximum opera- 
ting temperature in the face of  all of  the above par- 
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ameters. Indeed this becomes a complex design pro- 
cess necessitating a suite of  modeling and simulation 
tools for all three hierarchical levels and for combined 
electrical, thermal and mechanical phenomena. Many 
such tools have been developed in recent years, and 
promising advances have been made in the devel- 
opment  of  concurrent design and simulation environ- 
ments that begin with M C A D  and E C A D  tools and 
end with simulation, for example the simulation of  
the thermal field on a package on a populated board 
subjected to an air-cooled convective environment,  or 
the simulation of  the signal propagation and delay in 
a specific electrical interconnection. 

The present work addresses a specific sub-issue 
related to the thermal behavior, and the simulation 
thereof, of  an air-cooled component  on a conducting 
board. The issue is that in any air-cooled situation, 
the heat transfer from a power dissipating component  
to the air involves a direct path to the air, and an 
indirect path through the board to the air. Because of  
the discrete nature of  the heat source on the board, 
the thermal boundary conditions on the board are 
highly non-uniform and therefore make the use of  
a surface specified conductance, i.e. a heat transfer 
coefficient, difficult if not  impossible. In traditional 
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NOMENCLATURE 

Dh hydraulic diameter, 2H for parallel V 
plates [m] 

H channel height [m] x 
ks/kf ratio of thermal conductivity of the x~ 

substrate to that of the fluid 
L length of channel [m] X 
Ld distance between sources [m] 
Ls source length [m] Xs 
N number of iteration 
Nu Nusselt number, equation (18) y 
Nus average Nusselt number on the source, Y 

equation (19) 
p pressure [Pal 
P p/pU~ non-dimensional pressure 
Pe RePr, Peclet number 
Pr Prandtl number 
q source heat flux [W m -z] 
qr heat flux from the board into the fluid 

[W m -2] 
Ra Rayleigh number 
Re UoDh/v, Reynolds number 
T temperature [°C] b 
To inlet temperature [°C] f 
t thickness of the substrate [m] fm 
u streamwise velocity [m s t] i 
U0 inlet velocity [m s ~] m 
U u/Uo non-dimensional streamwise max 

velocity s 
v transverse velocity [m s-1] 0 

v/Uo non-dimensional transverse 
velocity 
channel streamwise coordinate [m] 
location of the source from the inlet on 
the interface [m] 
x/Dh non-dimensional channel 
streamwise coordinate 
xs/Dh non-dimensional location of the 
source from the inlet on the interface 
channel transverse coordinate [m] 
y/Dh non-dimensional channel 
transverse coordinate. 

Greek symbols 
thermal diffusivity [m 2 s ~] 

0 dimensionless temperature 
v kinematic viscosity [m 2 s-~] 
p density [kg m-3]. 

Subscripts 
back 
front 
thermally fully developed mixed mean 
interface 
mixed mean 
maximum 
source 
at channel inlet. 

technologies that make use of internal forced con- 
vection heat transfer, notably compact heat 
exchangers, the use of a constant surface conductance 
that is derived by assuming that the thermal boundary 
conditions are uniform, be they temperature or heat 
flux, is successful because the surface conductance is 
well behaved. In air-cooling of electronics, the use of 
a surface conductance as a boundary condition for a 
package-level conduction analysis is a way of uncoup- 
ling the board-level phenomena from the package 
internal thermal phenomena. However, the local sur- 
face conductance is highly dependent on the nature of 
the thermal boundary conditions upstream and in the 
vicinity of the package. In the face of highly non- 
uniform surface temperature and heat flux on the sur- 
face of a board, the local surface heat transfer 
coefficient is highly non-uniform, especially if defined 
in terms of a fixed reference temperature such as chan- 
nel inlet temperature. In air-cooling of electronics, the 
fact that the power is dissipated from discrete spatial 
areas and the fact that the board conduction assists in 
the 'heat spreading' make the surface temperature and 
heat flux highly non-uniform on the surface of a board 
populated with components. 

The present numerical study involves the simplest 
geometry that can be used as a paradigm for invest- 
igating coupled conduction-convection mechanisms. 
The physical geometry is shown in Fig. 1. Its essential 
features are that the heating occurs from a dicretized 
source and the substrate is conducting. The heat gen- 
erated in the components can be directly dissipated 
from the exposed surface by convection or indirectly 
by conduction through the board first and then by 
convection to the air stream. In the actual situation, 
various complexities are involved, including complex 
flow in a laminar, transitional, or low Reynolds num- 
ber turbulent regime, elevated levels of turbulence in 
the flow, package-level conduction and package to 
board thermal coupling. The goals of the study are 
twofold: (1) to establish the thermal behavior for 
the conjugate conduction~onvection problem as a 
computational benchmark for successively more com- 
plex geometries that are presently being studied ; and 
(2) to use the results of the numerical investigation 
to assess the possibility of using more approximate 
approaches, using the surface heat transfer coefficient 
approach. In the context of these goals, one of 
our primary objectives, therefore, is to perform a 
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Fig. 1. Schematic for the conjugate problem with a discrete flush-mounted source. 
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thorough parametric evaluation of the effects of board 
conduction on the', overall heat transfer. 

PREVIOUS STUDIES 

The previous work done in the field of forced con- 
vection conjugate heat transfer for laminar flow con- 
ditions is discussed in Peterson and Ortega [1]. Baker 
[2] conducted an analytical and experimental inves- 
tigation of coolinlg of microelectronic devices by free 
and forced convection. His study included small iso- 
thermal heat sources mounted on an insulated board 
in a turbulent boundary layer with uniform properties 
and a universal velocity profile using freon 113 as 
the coolant. Brosh et  al. [3] numerically solved the 
problem of a two-dimensional laminar incompressible 
flow over a conducting plate with a line heat source 
(a point source in the two-dimensional sense) located 
at the solid-fluid interface perpendicular to the flow 
direction. An inve:~tigation into the conjugate analysis 
of forced convection heat transfer from small iso- 
thermal heat sources embedded in a large substrate 
for hydrodynamically fully developed laminar chan- 
nel flow was performed by Ramadhyani et al. [4]. 
Incropera et al. [5] studied the problem of flush moun- 
ted isothermal heat sources embedded in one wall of 
the horizontal channel with hydrodynamically fully 
developed laminar or turbulent flow. They conducted 
both experimental and theoretical studies of this prob- 
lem. They compared their numerical investigations 
with data from single square sources and an array of 
12 such sources in water and FC77. They concentrated 
their effort on understanding the behavior of the sur- 
face conductance on the surface of the heat source. 
Culham et al. [6, 7] conducted a study of conjugate 
heat transfer from square flush mounted heat sources 
by implementing an iterative scheme in which the ther- 
mal boundary conditions are applied on the con- 
duction solution based upon the analytical solution 
of the boundary-layer energy equation. Davalath and 
Bayazitoglu [8] considered the effects of conduction 
to the board onto which three repeating, heated rect- 

angular components were attached, and analysed 
two-dimensional conjugate heat transfer in the 
entrance region for this geometry. In increasing the 
board-to-fluid thermal conductivity ratio from 1 to 
10, the Nusselt number over the component was found 
to be affected significantly. Kim and Anand [9, 10] 
conducted a numerical investigation based on the 
finite volume method to analyse two-dimensional 
laminar and turbulent heat transfer between a series 
of parallel plates with surface-mounted discrete block 
heat sources. They found that the overall thermal 
resistance of the module reduced with increasing sub- 
strate conduction effects and increasing Reynolds 
number. They also demonstrated that substrate con- 
duction is an important parameter in the design and 
analysis of cooling channels of electronic equipment. 
Choi et  al. [11] studied the effects of substrate con- 
ductivity in the cooling of electronic components 
mounted on a PCB. They conducted a numerical 
investigation for two cases: a single heat-dissipating 
component and five heat-dissipating components. 
They observed that the local Nusselt number was the 
highest for the first module and then decreased for 
subsequent modules. They found that the Nusselt 
number varied periodically with a decreasing mean 
and this variation gradually disappeared with increas- 
ing conductivity ratios. They also demonstrated that 
the maximum temperature within the modules could 
be greatly reduced by increasing the PCB conduc- 
tivity. Nigen and Amon [12] studied forced convective 
heat exchangers consisting of multimaterial solid 
domains with concentrated heat generation. They 
found that concentrated heat generation (conjugate 
conduction-convection simulations) exhibited differ- 
ent thermal performance from uniform heat flux rep- 
resentations (convection-only simulations). They also 
demonstrated the significance of considering time- 
dependent flow characteristics, 

The present work was conducted concurrently with 
equally detailed experimental work on the same 
geometry (Ortega et al. [13]). In both studies, it was 
found that a thorough documentation of the heat 
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transfer from the source, the thermal wake effects, 
and the upwind conduction effects was not available 
through the entire regime of developing to fully 
developed flow conditions. In summary, the principal 
objective of the work was to perform detailed analysis 
on this paradigm to gauge the suitability of using 
simpler uncoupled models for air-cooled electronics. 

ANALYSIS 

The domain of interest is a two-dimensional par- 
allel-plate channel with a conductive wall where a one- 
dimensional (i.e. an infinite strip) flush heat source is 
deployed. The other wall is insulated. We consider 
two-dimensional laminar flow in the channel with a 
uniform inlet velocity profile. The exit conditions are 
that the streamwise velocity and temperature gradi- 
ents in the flow direction vanish at the exit plane. To 
examine the effect of the back-side boundary 
conditions, two cases, (i) insulated back-side and (ii) 
convectively cooled back-side, were examined. To 
conduct the study for fully developed flow and slug 
flow cases, the velocity distribution was imposed a 
priori so that only the energy equation was solved 
numerically. The mathematical formulation for the 
first case of an insulated back-side is presented in the 
following. 

GOVERNING EQUATIONS 

The flow field is assumed to be steady, two-dimen- 
sional, Newtonian, incompressible and laminar. The 
properties of the material of the substrate and the fluid 
are considered to be uniform, isotropic and constant. 
The non-dimensional variables of the governing equa- 
tions are given by 

x y u Y=K V=Vo 
v T - T o  p 

V = Uoo 0 = q"Dh/k~f P = pU~ (1) 

UoDh v 
R e =  Pr = - Pe = Re Pr. (2) 

The governing equations for the fluid side are : 

continuity 

OU 8V 
~ + ~ -- 0 (3) 

X-momentum 

OU OU 
u ~ + v-g-f . . . .  

OP l [02U 02U~ 

0 x  + Lox 2 + 0Y2j (4) 

Y-momentum 

ov ov oP 1Vo v 1 
+ + LOx + y,] (5) 

energy 

U O0 80 1 [-020 8201 
(6) 

and the corresponding dimensionless boundary con- 
ditions at the inlet and exit are 

U = I V = O , O = O  forX = 0 

t H + t  
a n d ~  ~< Y ~ < ~ -  (7) 

OU 00 L 
8 ~ =  0, V =  0 , ~ =  0 forX = ~ 

t H + t  
and ~ <  Y <  D~- (8) 

The no-slip conditions at the interface and top wall 
are formulated as 

U = O , V = O  for 0 <<. X <~ LID. 

t H + t  
and Y = ~ - ,  Y = (9) 

Dh /)h 

and the insulated top wall condition is given as 

00 L H +  t 
8 ~ = 0  f o r 0 ~ < X ~ h h ,  and Y =  Dh 

(1o) 

The energy equation on the solid side is posed as 

020 020 
6~X~ + ~ = O. (11) 

The ends of the substrate are taken to be insulated, 
implying : 

00 L t 
8 X - 0  f o r X = 0 ,  X = ~  and 0~< Y<'D~  

(12) 

80 .< ~_L and Y = O. (13) 0 ~  = 0  for0 ~< X --~ D, 

The non-dimensional matching interface conditions 
are stated by the matching heat flux and the matching 
temperature : 

k ~ ? ~ s  = ~ f  

k~FaO 1 

forO ~< X~< Xs 

L (14) and Xs + D~ ~< X ~< D~ 

L, 
forXs ~< X ~< Xs+ O~ 

(15) 
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Fig. 2. Comparison of conjugate benchmark solution for Couette flow conditions. 

L t 
0 f=0s  f o r 0 ~ < X ~ < ~  and Y = ~ .  (16) 

The formulation remains the same for the case of 
a convectively cooled back-side with the exception 
of the back-side boundary conditions. The domain on 
the back-side is the same as that on the front-side of 
the board, except that there is no heat source on the 
back-side. The full two-dimensional momentum and 
energy equations are solved on the back-side with the 
matching interface conditions. 

A numerical solution is sought for the set of equa- 
tions derived abc.ve using the well-documented SIM- 
PLER scheme ,described by Patankar [14]. The 
detailed procedure for the discretization with the con- 
vective and diffusive terms is in the thesis of Suga- 
vanam [15]. To qualify the code, the code was vali- 
dated by solving the benchmark problem of natural 
convection in a square enclosure and results were com- 
pared with those presented by de Vahl Davis and 
Jones [16]. The comparison showed that the overall 
Nusselt numbers were within 2% of the benchmark 
solution for Ray[eigh numbers in the range 103-106. 
The code was also validated against a conjugate 
Couette flow problem in a parallel plate channel where 
one of the walls moves at a constant velocity and the 
other wall is a stationary conducting solid. The outer 
surface of the conducting solid is maintained at a 
constant temperature that is higher than the constant 
temperature of the opposing channel wall. The inlet 
and the exit streamwise velocity and temperature 
gradients were taken as zero while the normal velocity 
component is neglected. An analytical solution is 
available for the problem, for example as shown in 
White [17]. As shown in Fig. 2, the computational 
results demonstrate excellent agreement with the ana- 
lytical solution for varying conductivity ratios. The 

velocities compared within 2% while the temperatures 
compared within 0.5 % of the anaytical solution. Note 
that the fluid/solid interface is located at Y = 0.25 in 
Fig. 2. 

The convergence criteria was defined as 

I(I)N+I--~N I < 10 4 (17) 

where N and q~ represent the number of iterations and 
the dependent variables, V, U and 0 respectively. No 
significant improvement in maximum temperature 
and Nusselt number was observed for tighter con- 
vergence. A number of grid tests were conducted vary- 
ing with the mesh sizes in order to select an appro- 
priate mesh size. A staggered, non-uniform mesh 51 
in the normal and 277 in the streamwise direction 
was selected for the present calculations. The energy 
balance check, neglecting the axial conduction in the 
fluid at the entrance, had a maximum error of 2%. 
Computations were performed on the CONVEX 240. 

Because of the elliptic nature of the conjugate prob- 
lem, it was necessary to inquire whether the artificial 
exit boundary conditions given by equation (8) of 
parallel flow and vanishing streamwise temperature 
gradients did not artificially constrain the solution, 
especially in the vicinity of the source. The devel- 
opment of thermally fully developed conditions is 
dependent on the Peclet number. For  the present 
problem, when the average velocity of air is 1 m s- l  
at the inlet, the Peclet number is 882. This Peclet 
number necessitates a very long channel to achieve 
thermally fully developed conditions at the exit. Tests 
were performed by varying the channel length to study 
the infuence of the exit boundary condition on the 
heat transfer characteristics in the domain. From the 
overall energy balance for a long channel, the fully 
developed mixed mean temperature is derived as 
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Table 1. Effect of exit boundary conditions on maximum 
source temperature and source averaged Nusselt number for 

insulated back-side and Pe = 882 

k~/k f  L/D h 0max/0fm Nus 

8 48.88132 25.49818 
0.1 10.5 48.88436 25.49736 

13 48.88541 25.49709 
8 30.45855 1900939 

10.0 10.5 30.45829 19.00803 
13 30.45810 19.00700 

Table 2. Effect of exit boundary conditions on maximum 
source temperature and source averaged Nusselt number for 

convectively cooled back-side and Pe = 882 
m 

ks/kf L/Dh 0max/0jm Nus 

8 96.38974 25.55326 
0.1 10.5 96.39616 25.55244 

13 96.39838 25.55216 
8 43.04848 20.46753 

10.0 10.5 43.04706 20.46598 
13 43.04674 20.46545 

1 
oh = ~ .  

The length of  the channel from the source to the exit 
was varied from 10 to 20 cm. Table 1 indicates that 
there was no appreciable difference in the maximum 
temperature and the average Nusselt number on the 
source, hence the majority of  the calculations were 
performed with L/Dh = 8. In none of  the cases is the 
flow thermally fully-developed. For  the case of  a con- 
vectively cooled back-side, the fully developed mixed 
mean temperature is given by : 

1 
0fm = 2Pe" 

This mixed mean temperature is achieved at the exit 
for a very long channel at all conductivity ratios, and 
the fluid on both sides of  the substrate and the sub- 
strate itself equilibrate to this value. In other words, 
the fully-developed temperature profile is a uniform 
temperature throughout  the exit plane. The effects 
of  overall channel length, with the exit conditions 
specified by equation (8), on the local source 
maximum temperature and Nusselt number are given 
in Table 2. Again, L/Dh = 8 was found to be sat- 
isfactory for all cases. 

RESULTS AND DISCUSSION 

The critical features of  this problem are that the 
heating occurs from a discretized heat source and that 
the board is conducting. A comprehensive parametric 
study was conducted to show the variation of  interface 
temperature and the Nusselt number with the con- 

ductivity ratio, source location, Reynolds number and 
substrate thickness for the flow conditions varying 
from slug flow to fully developed flow. Results are 
discussed in two sections: (i) insulated back-side of  
the board and (ii) convectively cooled back-side of  
the board. 

Back-side insulated 
For  most of  this study, the Reynolds number was 

maintained constant at a value corresponding to 1.0 
m s-  ~ average inlet velocity in a parallel-plate channel 
of  height 1 cm. Ortega et al. [13] have demonstrated 
that air velocities of  1 m s ~ produce subcritical flow, 
and transition to turbulence is highly dependent on 
geometric disturbances, such as those commonly  
encountered on PCBs, for velocities higher than 2 
m s -~. Thus a velocity of  1 m s ~ is safely laminar, as 
observed experimentally. The heat source streamwise 
length was chosen as 1 cm and the substrate thickness 
was taken as 0.5 cm. The location of  the source in the 
channel was variable. Variations of  temperature, heat 
flux into the fluid and Nusselt number along the inter- 
face, for a fully developed flow maintained at a con- 
stant Reynolds number and k~/kt, varying between 0.1 
and 100 are shown in Figs. 3-6. In these figures, the 
source is located at a position 2.5 ~< X ~  3.0. The 
interface temperature profiles are shown in Fig. 3. 
Figure 3 clearly demonstrates the spreading of  the 
temperature profiles and the decreasing maximum 
temperature for higher substrate conductivities. The 
normalized temperature along the interface remains 
undisturbed until the upstream conduction becomes 
non-negligible. It then rises until it reaches a maximum 
on the heat source and decreases thereafter. In the 
wake region downstream of  the source, the non- 
dimensional temperatures for all conductivity ratios 
merge. It is especially instructive to learn that the 
downstream thermal wake achieves the adiabatic 
board behavior within only one lengthscale down- 
stream, for ks/kf <~ 10, and within two length scales 
for greater conductivities. The use of  thermal wake 
solutions derived for non-conducting (adiabatic) 
boards has been proposed by Ortega et al. [18] and 
Ramanathan  and Ortega [19], and their use is justified 
by present results. This is partly explained by the 
variation of  the heat flux into the fluid side shown in 
Fig. 4. For  increasing ks/kf the spreading of  the heat 
flux because of  the board conduction is readily appar- 
ent, but we note that the conduction is preferentially 
to the upstream surface since the near-wall fluid is 
cooler in this region. F rom Fig. 4, it can be observed 
that far downstream there is no heat flux into the fluid 
from the board. Since the board is insulated on all the 
sides except for the side that is open to the fluid flow, 
the total heat from the source must be dissipated into 
the fluid either by convection directly from the source 
or by conduction through the board first and then 
by convection into the air stream. Hence, in the far 
downstream wake region, the upstream distribution 
of  the heat flux from the board into the fluid caused 
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Fig. 3. Interface temperature varying with position for fully developed flow at Re = 1260.0 for the case of 
insulated back-side of the board. 

by board conduction has little effect on the wall tem- 
perature, remaining the same as it does for all ks /k f  

ratios, for fixed tc,tal heat input into the fluid from the 
board. 

Figure 5 shows the variation of  the Nusselt number, 
based on the inlet temperature as the reference, along 
the interface. The Nusselt number is defined as 

(1  0f) 
N~ : - ~ ~ y ) /  (18) 

The Nusselt number over the source decreases in the 
downstream direction on the source, and rapidly 
approaches zero ~Lhereafter. In the downstream wake 
region the heat flux approaches zero but, because of 
the convective wake effect, the interface temperature 
elevation over the inlet temperature does not, thus N u  

approaches zero. The Nusselt number in the upstream 
region is a ratio of two small numbers, the heat flux 
from the board into the fluid and the temperature rise 
of the interface over the inlet. In the upstream region 
the ratio is nearly constant, but its value is dependent 
on the conductivity ratio. N u  is lowest for the most 
conductive case. This is caused by the highest board 
conductivity inducing the greatest tendency for heat- 
ing of the near-wall fluid upstream of the source. The 
Nusselt number shows a sharp increase near the begin- 
ning of the source for low board conductivities. With 
increase in the substrate conductivity the gradient at 
the leading edge of the source decreases. It is clear 
that because of the non-uniformity in both the surface 
temperature and flux, the surface conductance or heat 
transfer coefficient, h, varies greatly and is a strong 
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Fig. 4. Heat flux into the fluid varying with position for fully developed flow at Re = 1260.0 for the case 
of insulated back-side of the board. 
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Fig. 5. Nusse l t  n u m b e r  on the interface vary ing  wi th  pos i t ion  for fully developed  flow at Re = 1260.0 for 

the case of  insu la ted  back-s ide  of  the board .  

function of the substrate conductivity. Figure 6 shows 
the spatial dependence of Nu on the heat source itself. 
The fact that Nu decreases for increasing conductivity 
is merely a reflection of the preheating of the near- 
wall fluid due to the upstream conduction. The differ- 
ence in the behavior of Nu in the upstream region of 
the source compared with the downstream region is 
an excellent example of the difficulty in predicting 
Nu in heat transfer problems that have significant 
conjugate coupling and highly non-uniform surface 
thermal boundary conditions. As also noted by Zebib 
and Wo [20], it is impossible to specify the surface 
conductance or the reference temperature a priori 
because of the conjugate coupling. The substrate con- 
duction obviously has an elliptic character that pre- 
vents the determination of the fluid-side temperature 
field and the surface conductance by marching the 
solution of the energy equation in the streamwise 
direction, as, for example, in an integral solution to 

the boundary-layer problem. Figure 7 demonstrates 
the previous statement in a very practical way. Here, 
the average Nusselt number on the source, referenced 
to the inlet temperature, is shown as a function of 
k~/kf for a Reynolds number corresponding to 1 and 
0.1 m s-1 inlet air velocity respectively. The flow is 
fully developed in all cases. The average Nusselt num- 
ber on the source is defined as 

1 I Xs+ (Ls/Dh) 
Nus : L ~ h  Jx, Nu dX. (19) 

In any practical thermal design tool that does not 
explicitly solve the full conjugate problem, the pre- 
diction of junction temperature is most likely to be 
performed with a conduction solver using an 
uncoupled approach, i.e. an approach in which the 
surface conductance is specified as a boundary con- 
dition on the package surfaces. More than likely, the 
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Fig. 7. Nusselt number averaged on the heat source varying with conductivity ratio for fully developed 
flow for the case of the insulated back-side of the board. 

surface conductance will be included in a package 
thermal metric such as, 0j_a, the junction to ambient 
thermal resistance. But if  the surface conductance is 
dependent not  only on the convective velocity field, 
but also on the upwind thermal boundary conditions 
that are due partly to upwind substrate conduction, 
the surface conductance cannot be specified a priori. 
Figure 7 demonstrates that the average Nusselt num- 
ber on the source decreases with an increase in ks/k~ 
by as much as a factor of  two for low velocities. This 
decrease is due solely to conduction mechanisms, since 
the flow field is fully developed for all cases. The devel- 

opment of  the flow field has an expected effect on the 
average source Nusselt number, as shown in Fig. 8, 
which presents the source averaged Nusselt number as 
a function of  position of  the source in the channel, 
with flow entering with a uniform velocity profile and 
maturing to a fully developed laminar channel flow. It 
is noteworthy that even with substrate conduction, Nu 
asymptotes to the constant value associated with fully 
developed hydrodynamics. The asymptotic fully de- 
veloped flow values are indicated in Fig. 8. 

Because of  the utility of  using the average surface 
heat transfer coefficient for practical calculations, we 
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Fig. 8. Nus:selt number averaged on the source varying with source position for laminar flow at Re = 1260.0 
for the case of insulated back-side of the board. 
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Fig. 9. Comparison of interface temperature for ks/kf = 0.1 for the case of insulated back-side of the board 
with the analytical solution for insulated substrate for slug flow at Re = 1260.0. 

explore it a bit further. The spatial variation indicated 
in Fig. 8 is due to the development of the hydro- 
dynamics from a uniform flow to a developed para- 
bolic profile. The average heat transfer coefficient in 
the channel can thus be no greater than that from a 
uniform flow cooling the source, and no less than 
that from a fully developed flow cooling the source, 
regardless of substrate conduction effects. The reasons 
for this are readily apparent. In the absence of sub- 
strate conduction, this can be shown by existing ana- 
lytic solutions For example, Fig. 9 depicts the com- 
parison of the interface temperature for a near 
insulated substrate (ks/kf = 0.1) with an analytical 
solution available in Carslaw and Jaegar (reference 
[21], p. 269, equation (10)) for a strip source of heat 
on a perfectly insulated substrate cooled with uniform 
or slug flow. It can be observed that the present finite- 
volume SIMPLER-based solution is in very close 
agreement with the analytical solution. This agree- 
ment was found only with extremely fine meshing near 
the surface. The analytic solution for fully developed 
laminar channel flow may be found from an available 
solution for a step change in surface heat flux in a 
fully developed laminar channel flow, as presented for 
example in Shah and London (reference [22], p. 181, 
Table 34), for negligible streamwise heat diffusion. 
Again the present finite volume solution compares 
very well with the analytical solution, as shown in 
Fig. 10, for vanishingly small substrate conduction. A 
comparison of the two results is presented in a later 
section discussing the case of a convectively cooled 
back-side. 

To this point, solutions have been presented for a 
single isolated source on a conducting substrate. The 
solution for a situation of multiple sources on a con- 
ducting substrate, interacting both convectively and 
conductively through the board, may be found by 
linear superposition of these single-source kernel solu- 

tions. The energy equations both on the solid side and 
the fluid side are linear with respect to temperature, 
thus allowing the superposition. This fact is verified 
numerically for two discrete identical flush-mounted 
constant powered heat sources embedded in a con- 
ductive substrate for the case where the back-side of 
the board is insulated. Figure 11 demonstrates the 
comparison between the superposed interface tem- 
perature solution and the actual temperature solution 
for two dicrete flush-mounted sources under fully 
developed flow conditions and ks/kf of 10.0. The 
length of the channel is 17 cm with the first source 
located at 5 cm from the inlet and the second source 
spaced 5 cm from the first source. Perfect agreement 
is observed as expected. It can be concluded that the 
solution for a single isolated source of heat on a con- 
ducting substrate may be used as a kernel solution 
thus reducing the computational time required for a 
thermal design tool. 

The effects of upstream heating on the temperature 
of the convective flow over a source can be described in 
terms of a 'thermal wake', i.e. the board temperature 
downstream of the source. For the conjugate heat 
transfer problem, this temperature profile is depen- 
dent on both the board conduction and fluid con- 
vection in the vicinity of the source as previously 
shown. In the downstream region, the thermal wake 
is dependent only on the fluid convection and the total 
heat released by the source, therefore, the adiabatic 
board thermal wake models suggested in [18, 19] are 
applicable. 

Back-side convectively cooled 
We next consider the situation that arises when both 

sides of the board are convectively cooled. In Fig. 
1, this corresponds to having a channel flow on the 
substrate back-side. For the present case, only the case 
for which the upper channel and the lower channel 
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Fig. 10. Comparison of Nusselt number on the source for fully developed flow at Re = 1260.0 and 
ks/kf = 0.1 for the case of the insulated back-side of the board with an analytical solution for the insulated 

substrate. 

were the same height was considered, thus, the flow 
develops similarly in both channels• 

Figure 12 depicts the variation of  heat flux from the 
board into the fluid on either side of  the substrate. It 
shows the spreading of  the heat flux by board con- 
duction and decreasing peak values for higher values 
ofks/kf. It can be observed that there is a small nega- 
tive heat flux downstream, indicating heat flow from 
the fluid into the board for ks/kf = 1. On the back- 
side, the peak heat flux occurs for k~/kf = 10, again 
emphasizing the competi t ion between lateral heat 
spreading and penetration through the board. For  the 
case of  very high board conductivity the heat flux 
going into the fluid on both sides of  the substrate is 
almost the same, for the reasons discussed previously. 
The heat flux variation is skewed as in the case of  
the insulated back-side because of  lower convective 

resistance in the upstream region compared with that 
in the downstream region. An important  observation 
that can be derived from these results is that an aniso- 
tropic board thermal conductivity may have sig- 
nificant effects on these results. The observed com- 
petition between normal as opposed to lateral 
conduction will be influenced by the difference in k: 
compared with kx and ky. Frequently in multi-layer 
printed circuit boards, kx and ky are significantly 
increased due to signal and ground planes containing 
copper traces. Additional figures, which demonstrate 
the variation of  the front-side and back-side tem- 
peratures and the Nusselt number for fully developed 
flow conditions and for board to fluid conductivity 
ratios varying between 0.1 and 100.0, may be found 
in the report of  Sugavanam [15]. The Nusselt number 
averaged over the source is shown as a function of  

0.045 

0.04 

0.035 

0.03 

0.025 

0.02 

0.015 

O.Ol 

0.005 

0 
0 

J 
1 2 

]--- 1st sour~ 

,~ I.o supe~'p~ti,m 

\ k  L d  = 5 c m  

//I ............................... 

3 4 5 6 7 8 9 

X 

Fig. 11. Interface temperature varying with position for fully developed flow at Re = 1260.0 for two sources 
with Ld = 5.0 cm and k~/kf = 10.0 for the case of insulated back-side of the board. 



2980 R. SUGAVANAM et al. 

1 

0.8 

0.6 

O.4 

0.2 

0 

-0.2 

-0.2 

" ,  m O . 1  

', k / k : . : . ~  o 
....... 1 0 0  

(a) 
!" - ' x  \ \ !  

.................................. :5:: : : : : :f  ............. !:!:!:i:~:::.:::::: ..... 

. . . .  i . . . .  i . . . .  I . . . .  I . . . .  I . . . .  ~ . . . .  i . . . .  

0 1 2 3 4 5 6 7 

X 

0.2 

0.4 

.............. ..... " x  ~ t ,-.<~ ".~ .......... 

' k f f  

fo) 

. . . .  i . . . . . . . .  i . . . .  ~ . . . .  t . . . .  i . . . .  i . . . .  

0 1 2 3 4 5 6 7 8 

X 

Fig. 12. Heat flux into the fluid on the (a) front-side and (b) back-side for fully developed flow at 
Re = 1260.0 for the case of the convectively cooled back-side of the board. 

conductivity ratio for fully developed flow in Fig. 13. 
The variation of the source-average Nusselt number  
with the source position in the channel in a developing 
flow situation for a fixed Reynolds number  is shown 
in Fig. 14. Figure 14 indicates that, as the source is 
moved far away from the entrance, the average Nus- 
selt number  approaches the value for the fully 
developed flow as expected. The average Nusselt num- 
ber on the source for the source location near the 
entrance of the channel is still much lower than the 
Nusselt number  corresponding to the previously men- 
tioned case of uniform or slug flow conditions. This 
indicates that the maximum Nusselt number  or cool- 
ing rate cannot exceed the slug flow limit for laminar 
flow situations. The slug flow and fully developed 
laminar flow limits on the source-averaged Nusselt 
number  as a function of channel Reynolds number  
are shown in Fig. 15. The predictions are very similar 
to the case of the insulated back-side [15]. The values 
for the convectively cooled back-side are not  very 
different from those for the case of an insulated back- 
side, for ks/kf of 0.1 and 1.0, indicating that the heat 

loss through the back-side for low substrate con- 
ductivities is very small. The diffusion limit is 
approached for both slug and fully developed flow as 
the Reynolds number  approaches zero, and this serves 
as a consistency check for the code. 

Substrate thickness variation 
The effect of  the variation of the thickness of the 

board on heat transfer characteristics was studied for 
fully developed conditions for both back-side-insu- 
lated and convectively cooled cases. In both cases, the 
calculated results showed only slight differences in the 
interface temperatures at low substrate conductivities, 
but  at higher ks/kf, the temperature for a thicker sub- 
strate was much lower than that for the case of a 
thinner substrate [15]. Figure 16 shows the variation 
in the local Nusselt numbers for different substrate 
thicknesses and conductivities for the back-side con- 
vectively cooled cases. It was observed that the Nusselt 
numbers were not  very different for low ks/kf values, 
but  at high ks/kr values the Nusselt numbers varied 
with different substrate thicknesses. Nevertheless, this 
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Fig. 13. Average Nusselt number on the source varying with conductivity ratio for fully developed flow for 
the case of convectively cooled back-side of the board. 

difference was less than 10% even in the case of ks/kf 
of 100.0. 

Correlations 
An effort was made to collapse the data for the 

average Nusselt number on the source varying with 
Peclet number and the conductivity ratio for hydro- 
dynamically fully developed flow conditions. The vari- 
ation for Nu~ was assumed as follows : 

. _ _  k s  

} V / 2 s ( a d )  

where NUs(ad ) is the Nusselt number for the adiabatic 
case (ks/kf = 0). The function was forced to yield to 

unity when k'~/kf reduced to zero. After a series of 
trials, the following correlation was chosen. 

Nus -- (1.186Pe-°°13) -(~Jk0°586. (21) 
N U s ( a d )  

The above correlation compared with the actual 
solution within 1.2% for 0 ~< ks/kf<~ 10. Alter- 
natively, a simpler form valid for 0.1 ~< ks/kr <~ 10.0 
can be stated as 

(ks~ -°-°754 
~ s  = 1.833(Pe) °37 \ ~ j  • (22) 

The correlation compared with the actual solution to 
within 10%. 
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Fig. 14. Nu sselt number averaged on the source varying with source position for laminar flow at Re = 1260.0 
for the case of the convectively cooled back-side of the board. 
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CONCLUSIONS 

Conjugate  heat  t ransfer  f rom thin f lush-mounted 
heat  sources in parallel-plate channels  for forced lami- 
nar  convect ion was investigated in this study. Efforts 
were focused on  examining the heat  t ransfer  in a con- 
jugate-coupled sense. Numerica l  solutions were 
obta ined  for  flow condi t ions  varying f rom slug flow 
to hydrodynamica l ly  fully developed flow and  con- 
ductivity rat ios varying f rom 0.1 to 100. Results f rom 
this study were found to be consistent  with  available 
analytical  solution s for special cases. The heat  t ransfer  
behavior  for a wide range of  parameters  has been 
clearly demonst ra ted .  The far-field wake tempera tures  
merged for all the substrate  conductivit ies for the case 
of  an  insulated back-side. For  any developing flow 
domain ,  the Nussel t  n u m b e r  was forced to be bounded  
by the slug flow limit and  the fully developed flow limit 
at  a given Reynolds number .  Preheat ing by board  
conduc t ion  increased at higher  ks/kf  values and  
thereby decreased the Nussel t  n u m b e r  ups t ream of  
the source and  on  the source. The Nussel t  n u m b e r  for 
the slug flow si tuat ion was found to be much  higher  
when  compared  with tha t  of  the fully developed flow 
situation at  high Reynolds  numbers  because of  con-  
vect ion predominance .  The effects of  substrate  thick- 
ness were impor t an t  only for conduct ivi ty  ratio, 
ks/kf  > 10. The valLidity of  the superposi t ion principle 
to predict  tempera tures  on the board  for multiple heat  
sources was demonst ra ted .  
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